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Abstract
The additivity of minimal output entropy is proved for the Weyl
channel invariant with respect to the action of a unitary representation
of the cyclic group Zn. The classical capacity of channel is calculated.
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1 Introduction
The quantum coding theorem proved independently by A.S. Holevo [1] and
B. Schumacher, M.D. Westmoreland [2] posed the task of calculating the
Holevo upper bound C(Φ⊗N) for a tensor product of N copies of quantum
channel Φ because a classical capacity of Φ is given by the formula
C(Φ) = lim
N→+∞
C(Φ⊗N )
N
.
The additivity conjecture asks whether the equality
C(Φ⊗ Ω) = C(Φ) + C(Ω) (1)
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holds true for the fixed channel Φ and an arbitrary channel Ω. If the addi-
tivity property (1) takes place for Φ the classical capacity can be calculated
as follows
C(Φ) = C(Φ).
The additivity conjecture for C is closely related to the additivity conjecture
for the minimal output entropy of a channel and the multiplicativity con-
jectures for trace norms of a channel [3]. At the moment, the additivity is
proved for many significant cases [4–7] including the solution to the famous
problem of Gaussian optimizers [8,9]. On the other hand, there are channels
for which the additivity conjecture doesn’t hold true [10]. In the present
paper we prove the additivity conjecture for the Weyl channel invariant with
respect to the action of a unitary representation of Zn.
Throughout this paper we denoteS(H) the set of positive unit-trace oper-
ators (quantum states) in a Hilbert space H , IH is the identity operator in H
and S(ρ) = −Tr(ρ log ρ) is the von Neumann entropy of ρ ∈ S(H). Quantum
channel Φ : S(H)→ S(K) is a completely positive trace preserving map be-
tween the algebras of all bounded operatorsB(H) and B(K) in Hilbert spaces
H and K respectively. Given two ρ, σ ∈ S(H) for which suppρ ⊂ suppσ the
quantum relative entropy is S(ρ || σ) = Tr(ρ log ρ)− Tr(ρ log σ). The prop-
erty of non-increasing the relative entropy with respect to the action of a
quantum channel Φ states [11]
S(Φ(ρ) || Φ(σ)) ≤ S(ρ || σ)
for ρ, σ ∈ S(H).
The Holevo upper bound for a quantum channel Φ is determined by the
formula
C(Φ) = sup
pij ,ρj∈S(H)
(S(
∑
j
pijΦ(ρj))−
∑
j
pijS(Φ(ρj))),
where the supremum is taken over all probability distributions (pij) on the
ensemble of states ρj ∈ S(H).
2 Weyl channels
Here we use the techniques introduced in [12, 13] and developed in [14–17].
Fix an orthonormal basis (ej , j ∈ Zn) in a Hilbert space H with dimension
dimH = n, and consider two unitary operators in H defined by the formula
Uej = e
2pii
n
jej , V ej = ej+1, j ∈ Zn. (2)
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Formula (2) determines unitaries Wjk = U
jV k called Weyl operators satisfy-
ing the property
∑
j,k∈Zn
WjkρW
∗
jk = nIH , ρ ∈ S(H). (3)
Quantum channels of the form
Φ(ρ) =
∑
j,k∈Zn
pijkWjkρW
∗
jk, ρ ∈ S(H), (4)
where (pijk) is a probability distribution, are said to be Weyl channels. Given
a unitary representation λ of Zn in H and a probability distribution (pj , j ∈
Zn) a Weyl channel of the form
Ψλ(ρ) =
∑
j∈Zn
pjλ(j)ρλ(j)
∗, ρ ∈ S(H),
is said to be a phase damping channel.
Let us fix a phase damping channel of the form
Ψ(ρ) =
∑
j∈Zn
pjV
jρV j∗, ρ ∈ S(H),
where p = (pj, j ∈ Zn) is a probability distribution. Consider the quantum
channel
Φ(ρ) =
1
n
∑
k∈Zn
UkΨ(ρ)Uk∗ =
1
n
∑
k,j∈Zn
pjU
kV jρV j∗Uk∗, ρ ∈ S(H), (5)
Formula (5) gives a general form of the Weyl channel invariant with respect
to the action of the group (Uk, k ∈ Zn) in the sense
UkΦ(ρ)Uk∗ = Φ(ρ), ρ ∈ S(H), k ∈ Zn.
Put
Ξj(ρ) =
1
n
∑
k∈Zn
UkV jρV j∗Uk∗, ρ ∈ S(H), j ∈ Zn,
then (5) can be represented as
Φ(ρ) =
∑
j∈Zn
pjΞj(ρ).
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Theorem. Given a quantum channel Ω : S(K) → S(K) and a pure
state |ξ〉 〈ξ| ∈ S(H ⊗K)
inf
ρ∈S(H⊗K)
S(Φ⊗ Ω(|ξ〉 〈ξ|)) ≥ −
∑
j∈Zn
pj log pj + S(Ω(TrH(|ξ〉 〈ξ|))).
Proof.
Let us define a c-q channel Υ : S(H)→ S(H ⊗K) by the formula
Υ(ρ) =
∑
j∈Zn
〈ej , ρej〉 (Ξj ⊗ Ω)(|ξ〉 〈ξ|), ρ ∈ S(H).
Put
ρ =
∑
j∈Zn
pj |ej〉 〈ej| , σ =
1
n
IH . (6)
Applying the property of non-increasing the quantum relative entropy with
respect to the action of quantum channel we obtain
S(Υ(ρ) || Υ(σ)) ≤ S(ρ || σ). (7)
It follows from (3) that
∑
j∈Zn
Ξj(ρ) = IH , ρ ∈ S(H).
Hence ∑
j∈Zn
(Ξj ⊗ Ω)(|ξ〉 〈ξ|) = IH ⊗ Ω(TrH(|ξ〉 〈ξ|))
and
Υ(σ) =
1
n
IH ⊗ Ω(TrH(|ξ〉 〈ξ|)). (8)
Substituting (6)–(8) to (7) we get
−S((Φ⊗Ω)(|ξ〉 〈ξ|))−Tr
(
(Φ⊗ Ω)(|ξ〉 〈ξ|) log
(
1
n
IH ⊗ Ω(TrH(|ξ〉 〈ξ|))
))
≤
∑
j∈Zn
pj log pj − Tr(ρ log σ).
Taking into account that
Tr
(
(Φ⊗ Ω)(|ξ〉 〈ξ|) log
(
1
n
IH ⊗ Ω(TrH(|ξ〉 〈ξ|))
))
= − log n−S(Ω(TrH(|ξ〉 〈ξ|)))
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and
Tr(ρ log σ) = − log n
we obtain the result.
✷
Corollary 1. Given a quantum channel Ω : S(K)→ S(K) the following
equality holds
inf
ρ∈S(H⊗K)
S((Φ⊗ Ω)(ρ)) = inf
ρ∈S(H)
S(Φ(ρ)) + inf
ρ∈S(K)
S(Ω(ρ)).
Proof.
Notice that
S(Φ(|ek〉 〈ek|)) = −
∑
j∈Zn
pj log pj ≥ inf
ρ∈S(H)
S(Φ(ρ))
for any k ∈ Zn. It follows from Theorem that
inf
ρ∈S(H⊗K)
S((Φ⊗ Ω)(ρ)) ≥ inf
ρ∈S(H)
S(Φ(ρ)) + inf
ρ∈S(K)
S(Ω(ρ)). (9)
On the other hand, the right side in (9) can not be less than the left hand
side. Hence,
inf
ρ∈S(H)
S(Φ(ρ)) = −
∑
j∈Zn
pj log pj
and we have the equality in (9).
✷
Corollary 2. The classical capacity of (5) is given by the formula
C(Φ) = log(n) +
∑
j∈Zn
pj log pj .
Proof.
The statement can be derived from the fact that
C(Φ⊗N) = N log n− inf
ρ∈S(H⊗N )
S(Φ⊗N (ρ))
for covariant channels [18]. It follows from Corollary 1 that
inf
ρ∈S(H⊗N )
S(Φ⊗N(ρ)) = N inf
ρ∈S(H)
S(Φ(ρ)).
Applying Theorem we obtain
inf
ρ∈S(H)
S(Φ(ρ)) ≥ −
∑
j∈Zn
pj log pj . (10)
The equality in (10) is achieved for any ρ = |ej〉 〈ej | , j ∈ Zn.
✷
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